ABSTRACT. Let L be a link in S 3 ; denote by MN (L) the Morse-Novikov number of L and by t(L) the tunnel number of L. We prove that MN (L) 2t(L) and deduce several corollaries.
Clark in [1] ; this invariant was studied in the works of K. Morimoto, M.Sakuma, Y. Yokota, T. Kobayashi, M. Scharlemenn, J. Schultens and others (see [11] , [9] , [10] , [14] ).
For any two knots K 1 , K 2 we have t(K 1 K 2 ) t(K 1 ) + t(K 2 ) + 1. In the paper [8] T.Kobayashi and Y. Rieck defined the growth rate for a knot K by the formula
where mK stands for the connected sum of m copies of the knot K. We have 1 gr t (K) −t(K).
B. Bridge numbers. Let S 3 = H 1 ∪ H 2 be a Heegaard decomposition of S 3 ; put Σ = H 1 ∩ H 2 , and g = g(Σ). We say (following H. Doll [2] ) that L is in a n-bridge position with respect to Σ if Σ intersects L in 2n points and Σ ∩ H i is a union of n trivial arcs in
of L is defiined as the minimal number n such that L can be put in a n-bridge position with respect to a Heegaard decomposition of genus g (thus b 0 (L) is the classical bridge number as defined n the paper [15] of H. Schubert). We have
. A regular Morse function has finite number of critical points; the number of the critical points of f of index i wil be denoted by m i (f ); the total number of critical points of f will be denoted by m(f ). The minimal value of m(f ) over all possible framings φ and all possible Morse maps f : C L → S 1 is called the Morse-Novikov number of the link L and denoted by MN (L) (see [12] ). The Morse-Novikov theory implies that
where b 1 (L) and q 1 (L) are the Novikov numbers defined as follows. LetC L be the infinite cyclic covering induced by f from the covering R → S 1 . Denote the ring Z[t, t −1 ] by Λ, and the ring Z((t)) by Λ. Then b 1 (L) and q 1 (L) are respectively the rank and torsion numbers of the module H 1 (C L ) ⊗ Λ Λ. In case when the Novikov numbers are not sufficient to determine the MN (L) the twisted Novikov numbers (introduced by H. Goda and the author in [3] ) are useful.
As for the upper bounds for MN (L) not much is known. M. Hirasawa proved that for every 2-bridge knot K we have MN (K) 2 (unpublished). In the papers [13] and [6] of Lee Rudolph and M. Hirasawa it is proved that MN (K) 4g f (K) where g f (K) is the free genus of K, that is, the minimal possible genus of a Seifert surface Σ bounding K such that S 3 \ Σ is an open handlebody.
Main results. The main result of this work is
The following corollaries are easily deduced.
is obtained from ∂C L by attaching m one-handles and then attaching a handlebody of genus (m + 1) to the resulting cobordism. Thus we obtain a Morse function g : C L → R which is constant on ∂C L and has the following Morse numbers:
. Consider a closed 1-form ω ǫ = dg + ǫdh. For ǫ > 0 sufficiently small ω ǫ is a Morse form with the same Morse numbers as dg. Therefore the form
is the differential of a Morse map g 1 : C L → S 1 having the required behaviour on ∂C L . The map g 1 has one local maximum, and the standard elimination procedure (see for example [12] for details) gives us a Morse function f :
EXAMPLES, AND FUR THER REMARKS
A theorem of M. Hirasawa says that MN (K) 2 if K is a two-bridge knot. Since t(K) b(K) − 1 our theorem implies this result. Observe that the proof of the M. Hirasawa's theorem uses the H. Schubert's classification of 2-bridge knots, and can not be generalized to the case of arbitrary bridge number.
The inequality (1) implies also the upper bound
obtained by Lee Rudolph and M. Hirasawa (see [13] , [6] ). Indeed Jung Hoon Lee [5] has shown that t(K) 2g f (K). In many cases the estimate of Theorem 1.1 is better than the free genus estimate. For example, for a pretzel knot K = P (−2, m, n) where m, n 3 are odd numbers, we have g(K) = m+n 2 (see [4] ), so that g f (K)
. On the other hand t(K) = 1.
THE TUNNEL NUMBER AND THE HOMOLOGY WITH LOCAL

COEFFICIENTS
Let L be a link in S 3 , put m = t(L). As we have observed in the previous section there is a Morse function g : C L → R such that g is constant on ∂C L and takes there its minimal value, and with the Morse numbers as follows:
The function −g provides a handle decomposition of the manifold C L , with (m + 1) one-handles, therefore we have the usual homological estimate m + 1
† For the case of knots this estimate is trivial, however in some cases we can improve it using homology with local coefficients. Let ρ : π 1 (C L ) → GL(q, R) be a right representation (that is, ρ(ab) = ρ(b)ρ(a) for every a, b). Denote by C L the universal covering of C L . The homology of the chain complex
is called the homology with local coefficients ρ or ρ-twisted homology and denoted by H * (C L , ρ). If R is the principal ideal domain, then we have
In what follows we will concentrate on the case of knots. For a knot K consider a meridional embedding i : S 1 → C K . Given a right representation ρ : π 1 (C K ) → GL(q, R) we can induce it to S 1 by i and obtain a local coefficient system i * ρ on S 1 . The following proposition is an easy corollary of the main theorem of the paper of D. Silver and S. Williams [16] . Proposition 4.1. Let K be any knot in S 3 . Then there is a right representation γ : π 1 (C K ) → GL(q, R) with R a principal ideal domain such that
Proof. Let us first recall briefly the Silver-Williams theorem. Consider the meridional homomorphism ξ :
Consider the Λ-module B = H 1 (C K , ρ) and choose a free resolution for B:
where k r. The GCD of the ideal of Λ generated by the r × r-minors of p is called the twisted Alexander polynomial of k with respect to ρ; we will denote it ∆(K, θ) (it is defined up to multiplication by ±t i ). The Silver-Williams theorem says that for every K there is a representation θ such that ∆(K, θ) is not a unit of Λ. Pick such a representation θ and consider two cases:
n with a ∈ Z, a = ±1. In this case define the representation γ = ρ to be the composition of ρ with the natural inclusion GL(q, Λ) ⊂ GL(q, Λ). The ρ-twisted homology is
We can obtain a free Λ-resolution for this module by tensoring the resolution (3) by Λ over Λ. Since the GCD of elements of Λ remains the same when we extend the ring Λ to Λ (see [12] , Lemma 2.3), the GCD of the r × r-minors of the matrix p equals a. Since Λ is a principal ideal domain we deduce that H 1 (C K , ρ) is non-zero and moreover it contains a cyclic direct summand. The property (ii) is easy to check.
2) ∆(K, θ) is a polynomial of non-zero degree. In this case consider the ring Λ Q = Q[t, t −1 ]. This ring is principal and ∆(K, θ) is not invertible in it; define the representation γ = ρ to be the composition of ρ with the natural inclusion GL(q, Λ) ⊂ GL(q, Λ Q ). The same argument as for the point 1) works here as well.
Proposition 4.2. Let K be any knot in S 3 . Then there is λ > 0 such that for every n ∈ N we have t(nK) nλ − 1.
Proof. Pick a representation γ : π 1 (C K ) → GL(q, R) satisfying the conclusion of Proposition 4.1. The module H 1 (C K , ρ) contains then a cyclic R-submodule T . Lemma 4.3. For any n 1 there is a right representation γ n : π 1 (C nK ) → GL(q, R) such that the module B n = H 1 (C nK , γ n ) contains a submodule isomorphic to nT .
Proof.
We proceed by induction in n. Denote by µ ∈ π 1 (C K ) the meridional element. Assume that we have constructed γ n : π 1 (C nK ) → GL(q, R) in such a way that γ n (µ) = γ(µ). The group π 1 (C (n+1)K ) is isomorphic to the amalgamated product of the groups π 1 (C K ) and π 1 (C nK ) over the subgroup Z included to both groups via the embedding of the meridian. Let γ n+1 : π 1 (C (n+1)K ) → GL(q, R) be the product of the representations γ and γ n . Using the property (ii) from 4.1 and the Mayer-Vietoris exact sequence it is easy to deduce that the module B (n+1) = H 1 (C (n+1)K , γ (n+1) ) contains a submodule isomorphic to the direct sum of T and nT .
The previous Lemma implies that µ R (B n ) n. Our proposition follows, since
Corollary 4.4. For any knot K we have
GENERALIZATIONS AND A QUESTION
The generalization of the results of the Section 1.2 to the case of knots and links in an arbitrary closed 3-manifold are straightforward. The same goes for the formula (2) . On the other hand it is not clear at all whether the Proposition 4.1 and 4.2 admit such generalizations, since the analogs of SilverWilliams theorem for arbitrary three-manifolds seem to be out of reach for the moment.
Question. Are the inequalities (2) sufficient to determine the tunnel number for every link? In other words is it true that (4) t(L) + 1 = max
where ρ ranges over all right representations π 1 (C L ) → GL(q, R)?
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